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The purpose of this work is to prove that the tetravalent modal algebra with a finite set of 
free generators is finite and to determine its cardinal number. 
1. Preliminary definitions and properties 
We begin with the following definition introduced by A.A. Monteiro in 1978: 
1.1. I~ta i t ion .  A tetravalent modal algebra (A, A, v , - - ,  V, 1) or simp! 7 A, is 
an equational algebra of type ~2, 2, 1, 1, 0) which satisfies the following axioms: 
(AI)  XA(X V y) = X, 
(A2) xA(yvz)=(Z/~X)V(y  Ax),  
(A3) - ~x  = x, 
(A4) --(x A y) = ~x v- -y ,  
(AS) --x v Vx = 1, 
(A6) x A--X = --X AVX. 
It immediately follows that A is a distributive lattice [8] with least element 
0 =-1  and a De Morgan algebra [6]. 
We then assume that the reader is familiar with the basic notions of lattice 
theory. 
We define the unary operator A on A by Ax =~V-x .  
It can be proved that the operators V and A satisfy the properties of a closure 
operator and of an interior operator espectively. 
In a corresponding logic, if p is a proposition, Vp will mean the proposition "p 
is possible" and Ap will mean the proposition "p is necessary". 
A tetravalente modal algebra is called trivial if it has only one element. 
Three-valued Lukasiewicz algebras are important examples of i¢~ravalent 
modal algebras [7]. We consider also the example of tetravalent modal algebra, 
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de~oted by $4, whose Hasse diagram and the corresponding operations are: 
x ~x Vx 
1 0 1 0 
I t  
a ~/ N~ b a a 1 
No"  b b 1 
0 
1 0 1 
Thi~ algebra has two subalgebras $3 (subaigebras with three elements) formed 
by the sets A~= {0, a, 1} and Bm = {0, b, 1} and one subalgebra $2 (subalgebra with 
two elements) formed by the set {0, 1}. 
We introduce now some definitions and state results that we slaall need later. 
These results will be published in [4]. 
1.2. Definition ([2]). For each prime filter P of a of a tetravalent modal algebra 
-A (i.e each prime filter of the subjacent lattie~) we define the prime filter 
@'.'P)=C~P, where C denotes the set-theoretical complement and -P= 
{~x'xce} .  
This mapping @ is called the Birula-Rasiowa transfornmtior,. 
It is easily checked that: 
(41) @(@(P))= P for each prime filter P of A. 
(42) If P and Q are both prime filters of A such that P_  Q, then t:~(Q)~_ @(P). 
Let now w,~ be a family of prime filters of a tetravalent modal algebra A, such 
that @(P)c lr. for each Pc  1to. Consider the follGwing definitic~r,. 
1.3. Dellnltion. For a, b c A we set a =- b (mod 7to) if the following conditions are 
satisfied: 
(C1) For each Pcwo such that acP ,  then boP. 
(C2) For each Pc  7to such that b c P, then a c P. 
We have then the following results: 
1.4. Proposition. The relation -~(mod 7r0) is a congruence relation on A. 
1.5. Proposition. The quotient set A'  = A / -  = Al~'o algebrized in the usual way, is 
a tetravalent modal algebra. Moreover the kernel of the natural homomorphism h 
from A onto A'  (i.e. the set {x e A : h(x) = 1}) is the set N = ["lP~o P. 
1.6. l~roposition. Let A'  be a homomorphic image of A by the homomorphism h 
whose kernel is N. Let re' be the set of all prime filters of A '  and define the set 
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~'o={h- l (P ' ) :P '~r '} .  Then we have: 
(1) ~'0 is a family of prime filters of A such that 4 (P )e  ~ro for each Pe  1to. 
(2) A' is isomorphic to A/~ro. 
(3) N = N,,~,o P 
(4) I f  a, b ~ A, a - b (mod ~ro) iff h(a) = h(b). 
(5) h = e-*oh', where O is the isomorphism from A'  onto A/1ro re[ered into (2) 
and h' is the natural homomorph,;sm from A onto A/1ro. 
1.7. Remark, From [5] we have the important result that each prime filter of a 
tetravalent modal algebra is either an ultrafilter or the image of an ultrafilter by 
the Birula-Rasiowa transformation 4.
In a tetravalent modal algebra A we can define an implication operator -~ by 
the formula: a ~ b = ~a ",/b. "rhc~n we have: 
1.8. Definition. A subset D of A is a deductive system if D verifies: 
(D1) leD.  
(D2) If a, a ---> b e D, then b ~./9. 
We have then: 
1.9. Theorem. A subset D of A is a maximal deductive system iff there is an 
ultrafilter 91 of A such that D = 91 f3 4(91). Moreover this representation of D is 
unique. 
Let us suppose that D is a maximal deductive system of A and 91 is an 
ultrafilter of A such that D = a~ f-) 4(q/). Since this representation f D is uaiquc, 
by the above result, we denote the tetravalent modal algebra A/---(mod{°//, 4(~)}) 
by A/D. 
The folr~owing representation theorem should be retained, since it will be 
needed laker: 
1.10. Th~orem. A nontrivial tetravalent modal algebra A is isomorphic to a 
subdirect product of the quotient algebras A/'M~ where {M,},~I is the family of all 
maximal deductive systems o[ A. 
We have proved also that if A is finite, then A is iomorphic tc the direct 
producl, of the quotient algebras A/M,. 
Let us consider now the following definition: 
1.11. Definition. A tetravalent modal algebra A is simple if A is nontrivial and 
each homomorphic mage of A is either trivial or isomorphic to A. 
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We have obtained the following results: 
1.12. Theorem. If D i~ a maximal deductive system of a tetravaiem odal algebra 
A, the quotient algebra AID is isomorphic to $2 or $3 or $4. 
1.13. Theorem. The only simple telravalent modal algebras are the algebras $2, $3 
and $4. 
2. Finite|y generated tettavalent modal algebras 
Let G be a subset of a tetlavalent modal algebra A, we shall denote by T(G) 
the tetravalent modal subalgebra generated by G. 
We shall prove now that if G is a finite subset of a tetravalent modal algebra 
A, with n elements (N(G)= n) such that T(G)= A, then A is finite. 
By Theorem 1.10 we know that A is isomorphic to a subalgebra of the direct 
product X,~ A/M,, where R ={M,},~ is the set of all maximal deductive systems 
of A By Theorem 1.12 we have that the quotient algebras A/M, (M, ~P,5 are 
finite and N(A/M,5 = 2 or N(A/M,5 = 3 or N(A/M,) = 4 according as A/M, =-- S:: or 
A/M, ~ $3 or A/M, = $4. It is sufficient hen to prove that R is finite. 
Let us consider R~ = {M, ~ R:A/M, = S~} for each i = 2, 3, 4. Ftsr each j = 2, 3, 
4. let us denote by Epi(A, S~5 the set of all epimorphisms from A onto S, by 
F(G.S r) the set of all mappings from G into Sj and by F*(G,S~) the set of all 
mappings ] front G into S~ such that T(J:(G))= S~. 
it is clcar that wc have: 
(1) The sets R r (j =2,  3, 4) form a partition ot R. 
(I15 N(F*(G, S~))<~N(F(G, S~)5 =j" ( j=2 ,  3,4), having the e tuality for ]=2,  
(III) N(Epi(A. S~)) <~ N(F*(G, S~5) (j = 2, 3, 4), 
since from h ~ Epi(A, S t) it follows that Sj = h(A)= h(T(O))= T(h(G)) and it is 
well known that every mapping ]': G --~ S~ has at most one homomorpb, ic exten- 
sion. 
Let us prove: 
(IV) N(R,)-<-N(Epi(A, S~)5 ( j=2 ,  3,4). 
Let h e Epi(A, S,) (j = 2, 3, 4) and M, = Ker h. From Proposition L6, Remark 
1.7 and Theorem 1.9 it follows that M, e R~. 
Let us consider then the mapping ~b,: Epi(A, Sj)--,Rj ( j=2 ,3 ,4 )  defined by 
+,lh}= Ker h = M,. Let us prove that tk, is surjective (j = 2, 3, 4) which implies 
(IVL 
Let M, c R, (j = 2, 3, 45, then A/M, - S~ ; if 6: A/M, ~ S~ is the isomorphism and 
if c~: A---, A/M, is the natural homomorphism, then h = 8otx is an epimorphism 
from A onto S, whose kernel is M,, that is ~/,~(h)= M,. Thus we have (IV). 
From (I), (I1), (III) and (IV) it follows that R is finite and then A is finite, 
that is: 
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2.1. Theorem. Every finitely generated tetravalent modal algebra is finite. 
In these conditions we have that if A is a finitely generated tetravalent modal 
algebra, then A = o2 -- b,.13 . . . .  4 • 
Let us prove now: 
(V) N(Epi(A, S~))<~N(R,) (] =2,  3), and 
(VI) N(R,)=½N(Epi(A, $4)). 
To prove the condition (V) we will show that the mapping ~t 5 (j = 2, 3) is 
injective. Consider then hl, h2eEpi(A, Sj) ( j=2 ,3) ,  ~kl(hl)--Kerhl=MI, 
qsj(h2) = Ker h 2 = M 2 and suppose M1 = M2. 
Let x ~ A. If x ~ M1 --- M2, then we have: 
(a) hi(x) = 1 = h2(x). 
If xd Ml =M2, then if ]=2 we have h i (x )=0= h2(x) an, l therefore hi = h2. If 
] = 3 let us suppose that hi(x)~ h2(x). Then we have either: 
(b) h~(x)= a and h2(x)= 0, or 
(c) hi(x) = 0 and h2(x) = am 
From (b) it follows that h~(-x)= ~ h~(x)=-a  = a and h2(~x)= ~h2(x)= ~0 = 
1. Then ~x~M2 and ~xq~M~ and therefore M~M2 which contradicts the 
hypolhesis. So we cannot have (b). Similarly we cannot have (c). Herece we have 
h~ = h2 and ~kj (] = 2, 3) is an injective mapping, which proves condition (V). 
To prove the condition (VI), let h t.-" Epi(A, $4), ~4(h)= Ker h = M, and let us 
prove: 
(d) ~/j~(~r) = {a oh: a e Aut(~4)} 
where Aut(S4) is the set of all automorphisms of $4. It is easily checked that: 
(e) {ct o h: ct ~ Aut(S4)} c_ ~b z 1(M~). 
We shall prove then: 
(f) tk~ i (M,) ~ {a o h: a ~ Aut(S4)}. 
Let h 'e  ~b4~(M,) that is h '~Epi (A ,  $4) and ,ba(h') =Ker  h '= M, =Ker  h. 
Since h ~ Epi(A, Sa), we have seen that M, ~ R4 and so there is an isomorplaism 
O: A/M, ~ $4. 
Let 4~ be the natural homomorphism from A onto A/M,. 
On the other hand, since h' e Epi(A, $4) and Ker h' = M,, there is an isomorph- 
ism 0': A/M, ~ $4. By Proposition 1.6, we can then consider the following two 
commutative diagrams: 
A h ~$4 ~$4 A "' 
• 1 /  .1/ 
AI I~ AIM, 
Since 0 is an isomorphism, 0-~ exists which is also an isomorphism. We have 
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then: 
(g) 4 '= 0 -~°h and (h)h'=O'o~b. 
From (g) and (h) we obtain: 
(i) h '= 0'o(0 -~ oh) = (O'oO-~)oh. 
Consider a = 0'o0 -~ which is an isomorphism from S~ into $4 and therefore it is 
an automorphism of $4. Hence h '6{aoh:  a ~ Aut(S4)} and we have (f). Thus we 
have (d). From (IV) it follows that N(R4)= N(Epi(A, S4)/N(Aut(S4). But there 
are only two autom~=phisms in $4: the identity automorphism and the au- 
tomorphism c~(a(0)=l), a (1 )= 1, a (a )=b and c~(b)=a). Therefore we have 
proved the condition (VI). 
3. Finitely generated free tetravalent moda~ algebras 
Given a cardinal number /3 >0,  we shall denote by L(/3) the free tetravalent 
modal algebra with a set G of free generators, whose cardinal is B. 
Since tetravalent modal algebras are equational, we can state, by a theorem of 
universal algebr,,, of G. Birkhoff [3]. the existence and umqueness, up to 
isomorphisms, of L (/3). 
From the preceding section it follows that L(n) is finite for cw:ry natural 
number n >0.  Furthermore" 
,. ~N(RO X ~N(R  , 
Let -s consider that G is the set of n free generators of L(n). We shall now 
compute N(R s) (J =2, 3, 4). Let us prove: 
(Vll) N(F*(G, $1))<~ N(Epi(L(n), Sj)) (j = 2, 3, 4). 
Consider then the mapping K~: Epi(L(n), Sj) ~ F*(G, Sj) (j = 2, 3, 4) defined by 
K~(h)=htG=fcF*(G,S,) for each h~Epi(L(n),S~). Let us wove  that /(i is 
suricctive (] = 2, 3, 4) which implies (VII). 
If fTF*(G,S r) ( j=2 ,3 ,4 )  we know that f~F(G,S~) and T ( f (G) )=S v Since 
Ltq! is free, f can be extended to a homomorphism h: L(n)-.~S, which is an 
cpimorphism t,~cause h(L(n)) = T(h(G))= T(f(G))=S r Therefore K~(h)= 
h J G = ( and so Kj is surjective (j = 2, 3, 4) and we have condition (VII). 
Fr,,,n (IVL (V), (III) and (VII) it follows: 
(j) N(R,)=N(F*(G,S~)) ( j=2 ,3) .  
From (j) and (II) we obtain: (1) N(Rz)= 2". 
Let F'(G, $3) be the set of all mappings fc F(G, $3) such that Tf f (G))  = Sz (the 
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unique proper subalgebra of $3), then we have: 
(1) {F'(G, $3), F*(G, $3)} form a partition ~af F(G, $3). 
(In) N(F'(G, $3)) = N(F(G, $2)). 
From (j), (II), (1) and (m) it follows: (2) N(R3 j=3n-2  ~. 
Finally let F'(G, $4) be the set of all mappings f~ F(G, 54) such that T([(G))= 
$2¢ $4. We know that $4 has two subalgebras $3, A1 ={0, a, 1} and B1 ={0, b, 1} 
with the induced operations. $2, A1 and B1 are the unique proper subalgebras of 
s,. 
Let F"(G, $4) be the set of all mappings fe F(G, $4) such that Tff(G))  = Al and 
let F" (G,  $4) be the set of all mappings/c~ F(G, $4) such that T([(G)) = B1. Then 
we have: 








N(F'(G, $4)) = N(F(G, $2)), 
N(F"(G, $4)) = N(F"(G, $4)) = N(F*(G, $3)). 
(II), (j), (2). (n). (o) and (p) it follows: 
N(F*(G, $4)) = 4" - (2" + 2(3" - 2~)). 
(III), (VII), (VI) and (q) we cb~ain: 
N(R4) = [4" - (2" + 2(3" - 2"))I/2 = 2" - '  (2" + 1) - 3 ". 
(L), (1), (2) and (3) we get: 
N(L(n)) = 22~33"-2"42" ~,t2-+1~-3, = 22~,+2 . . . .  2 3 -33 , , -2 -  . 
Remark.  The technique used in Sections 2 and 3 is similar to the one employed 
by M. Abad and L. Monteiro in [l]. 
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Note added in proof 
After the acceptation of this paper, the author learned that Peter Fowler, in his 
Ph.D. Thesis (Australia), has obtained, independently and with a completely 
different proof, the last formula contained in Section 3. 
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